We investigate the phase structure of three-flavor QCD in the presence of finite quark chemical potential µ/T 1.2 by using non-perturvatively O(a) improved Wilson fermion action on lattices with a fixed temporal extent N t = 6 and varied spatial linear extents N s = 8, 10, 12. Especially, we focus on locating the critical end point that characterizes the phase structure, and extracting the curvature of the critical line on the µ-m π plane. For Wilson-type fermions, the correspondence between bare parameters and physical parameters is indirect. Hence we present a strategy to transfer the bare parameter phase structure to the physical one as well as how to obtain the curvature. Our conclusion is that the curvature is positive. This implies that, if one starts from a quark mass in the region of crossover at zero chemical potential, one would encounter a first-order phase transition when one raises the chemical potential.
I. INTRODUCTION
At zero baryon number density, on the two-dimensional plane spanned by the light (up-down degenerated) quark mass m ud and strange quark mass m s , the first order phase transition around the massless point m ud = m s = 0 becomes weaker as the quark masses increase, and eventually turns into a crossover at some finite quark masses. The boundary between the first order phase transition region and the crossover region forms a line of second order phase transition, called the critical end line.
A question of obvious importance is the location of the critical line. Monte Carlo results on this issue is rather confusing at present. For the staggered fermion action, recent studies with improved action could place only an upper bound on the three-flavor degenerate critical quark mass, m, which is very small in the range of m/m phys ud ≈ 0.1 [1, 2] . This is in contrast to recent as well as an earlier study with the naive action [3] [4] [5] [6] which observed first order signals up to m/m phys ud ≈ 2 − 3. Furthermore, our recent study with the Wilson-clover fermion action [7] , motivated in part by the unclear status with the staggered action, could identify the critical end point, although the cut-off dependence of the location is rather large.
Another important issue with the QCD phase diagram, addressed in this article, is how the critical end line extends when switching on the chemical potential. An interesting result was reported in [6, 8] which explored the imaginary chemical potential approach with the naive staggered fermion action. There it was observed that the critical surface has a negative curvature in the µ direction. This means that a first-order phase transition at zero chemical potential disappears when the chemical potential is increased, rather contrary to one's naive guess. Our purpose in this paper is to study this question by simulations with real chemical potential using the Wilson-clover fermion action. This is a natural sequel of our work in [7] .
The rest of the paper is organized as follows. In section II, we explain a strategy on how to draw the critical line on the µ-m π plane. Simulation details including the parameters and the simulation algorithm are summarized in section III. We present numerical results in section IV. Finally, concluding remarks are given in section V.
II. STRATEGY
Let us explain our strategy to survey the phase space for N f = 3 QCD in order to identify the critical end point for the Wilson-type fermions. The final goal of this section is to show how to obtain the curvature of the critical end line on the µ-m π plane. Note that in this section we do not use lattice units when expressing dimensionful physical quantities.
First we consider the zero density case. Since the quark masses are all degenerate, we have only two bare parameters β and κ (aµ = 0 plane in the left panel in Figure 1 ). For a given temporal lattice size, say N t = 4, by using the peak position of susceptibility or zero of skewness of quark condensate, one can draw the line of finite temperature transition (the solid red line and the dotted green line in the left panel in Figure 1 ). The transition changes from being of first order to cross over at a second order critical end point (the blue point in the left panel in Figure 1 ). We compute the kurtosis of quark condensate along the transition line for a set of spatial volumes N 3 s . The intersection point is identified as the critical end point [4] . In this way, we can determine the critical end point in the bare parameter space (β E , κ E ) and this procedure can be repeated for other values of N t .
In order to translate the critical end point in the bare parameter space to that in the physical parameter space, we measure dimensionless ratios of pseudo-scalar meson and some reference quantity with mass-dimension one m PS /Λ for the bare parameters (β E , κ E ) by a zero temperature
The left panel is the phase diagram for bare parameters spanned by β, κ and aµ for N f = 3. The right panel is the same phase diagram but depicted for physical parameters spanned by m PS /Λ and µ/Λ where Λ is some reference physical quantity at zero density. The blue line extending from the critical end point at aµ = 0 is the critical line. We study the signature of the curvature of critical line with fixed N t = 6.
simulation. One can choose any reference quantity Λ, say
or m V (vector meson mass). To avoid the multiplicative renormalization issue, we use m PS in the numerator of the ratio and not quark masses. In this way we pin down the critical end point (the blue point in the right panel in Figure 1 ) in the physical parameter space whose axes are given by m PS /Λ and µ/Λ. By repeating the same calculation for increasingly larger values of N t , we can take the continuum limit (the orange downward arrow in the right panel in Figure 1 ) of the critical end point in the physical parameter space at zero density, we shall extract the curvature α 1 and see its sign, and this is the final goal of this paper. If one wants to take the continuum limit of the critical end line, one has to take the N t → ∞ limit for fixed values of µ/T E (0)
After repeating the same procedure with different values of µ/T E (0), one can plot (m cont PS,E (µ)/m cont PS,E (0)) 2 as a function of µ/T E (0). And then by fitting with the same form as in eq. (3), one can obtain the curvature in the continuum limit.
III. SIMULATION DETAILS
We employ the Wilson-clover fermion action with non-perturvatively tuned c sw [9] in the presence of chemical potential with the anti-periodic boundary condition in the temporal direction for fermion fields while the periodic boundary condition is imposed for spatial direction. The Iwasaki gauge action [10] is used for the gluon sector and gauge link variables satisfy the periodic boundary condition. The number of flavor is three, N f = 3, and the masses and chemical potentials for quarks are all degenerate. The temporal lattice size and the simulated quark chemical potential are fixed to N t = 6 and aµ = 0.1, respectively, and thus µ/T = 0.6. To survey large chemical potential region, we adopt the reweighting method; details are given in Appendix A. To perform finite size scaling analysis, the spatial volume is changed over the linear sizes N s = 8, 10 and 12. In order to search for the transition point, we select four β points (β = 1.70, 1.73, 1.75 and 1.77) and for each β, we vary κ to locate the transition point.
The phase reweighting method is adopted to handle the complex phase according to
where ... || is the average with phase quenched fermion determinant
and the phase factor for one-flavor is given by
Configurations are generated by RHMC [11] with the phase quenched quark determinant. The MD step size is chosen such that a reasonable acceptance rate 80% is retained. For each lattice parameter set (β, κ, N t , N s ) we generate O(100, 000) trajectories and the configurations are stored at every 10th trajectory; the order of number of configurations are O(10, 000) for each parameter set. The phase factor is computed exactly using the analytical reduction technique [12] [13] [14] for all stored configurations. The dense matrix obtained by the reduction is numerically computed on GPGPU with LAPACK routines. We measure the trace of quark propagator and its higher power up to fourth order which are used not only for the computation of higher moments of quark condensate but also for the reweighting (See appendix A for details). In the computation of traces, we adopt the noise method with 20 Gaussian noises that is checked to be sufficient to control the noise error.
The physical scale settings we use in this paper, for example the Wilson flow scale √ t 0 [15] and the hadron mass, are taken from Ref. [7] . 
The average of phase reweighting factor with N f = 3 as a function of κ. µ/T = aµ × N t = 0.1 × 6 = 0.6. The sign problem is mild in this region.
IV. RESULTS
A. Phase reweighting factor Figure 2 shows the average value of the phase-reweighting factor as a function of κ. For small κ and large volumes, the value becomes smaller, signaling that the sign problem is becoming serious. Nevertheless, it stays away from zero ( 0.5) beyond statistical error, guaranteeing the validity of reweighing for our range of lattice parameters.
B. Moments of chiral condensate and transition point
At finite quark mass, the quark bilinear operator ψψ is not a real order parameter but considered to be a mixture of "energy" and "magnetization" operators [4] . We study the bilinear operator as a primarily magnetization operator, however, since we do not have enough data set to resolve the mixing of observables. The detailed practical definition of its moments is given in Ref. [7] .
For each fixed parameter set (β, aµ, N t , N s ), we make runs at several values of κ. In order to integrate those runs we adopt the multi-ensemble reweighting technique [16] and search for the transition point in κ for the fixed parameter set. We also perform parameter reweighting for both κ and the chemical potential to survey the phase structure from low to high density region, 0 ≤ aµ ≤ 0.2. See appendix A for details of the reweighting we carry out. Here we only mention that we use some approximation to efficiently evaluate the quark determinant as well as observables at many reweighting points. The validity of the reweighting and the approximation will be addressed below. Figure 3 shows curves of the susceptibility and kurtosis for quark condensate obtained by the multi-ensemble reweighting. The error bands are estimated by the jackknife method with bin size of 500 − 1000 configurations. For aµ = 0.1, the averages at each point of data generation are shown in order to illustrate how multi-ensemble curves interpolate those raw data. At β = 1.73, the curves reweighted to aµ = 0 can be compared with data generated at zero density [7] . The agreement supports the validity of multi-ensemble reweighting and jackknife error estimation away from aµ = 0.1. The applicable range of µ/κ-reweighting depends on β, and judged from the growth , we also plot the raw data at aµ = 0 given in the zero density study [7] . These raw data and the reweighting results are consistent with each other, although they are completely independent. This shows that the reweighting together with the approximation used for the reweighting factors and observables (See appendix A for details of the approximation) is fine.
of error, the lower β tends to have a larger applicable range.
As seen in the figures, the locations of the maximum of susceptibility and minimum of kurtosis are consistent with each other. Furthermore the skewness zero location is also consistent with them although it is not shown here. We take the location of the maximum of susceptibility as the transition point. The numerical values are summarized in Table I where the peak hight of susceptibility χ max and the minimum of kurtosis K min are also listed for selected values of aµ.
As seen in Table I , the volume dependence of the transition points is rather mild. Hence the thermodynamic limit can be safely taken with a fitting ansatz, The resulting value of κ t (∞) is shown in Table I . The phase diagram of bare parameters β and κ is given in Figure 4 . The transition lines have a sensitivity on the value of chemical potential, aµ.
C. Kurtosis intersection
The next step is to determine the critical end point. For that purpose we adopt the kurtosis intersection method. The value of kurtosis can be used to diagnose the strength of phase transitions. For a first order phase transition, the infinite volume value of kurtosis is K = −2 while for a crossover it is K = 0. At the critical point as the end point of a first order phase transition line, the kurtosis is expected to take the same value irrespective of the spatial volume between −2 and 0. The value at the critical end point depends on the universality class of the second order phase transition. Figure 5 plots the minimum of kurtosis as a function of β for some selected values of aµ. This shows that a strong first order phase transition at lower β becomes weaker for higher β and such a change becomes rapid for larger volumes. We fit the data with the fitting form [6] inspired by finite size scaling,
where K E , A, ν and β E are fitting parameters and the results are listed in Table II . The resulting exponent ν and the value of kurtosis at the critical end point K E are independent of aµ within errors, and they are consistent with the values of 3-dimensional Z 2 universality class, ν = 0.63 and K E = −1.396 respectively. On the other hand, the universality class of 3-dimensional O(2) and 3-dimensional O(4) are rejected, rather strongly by the value of K E . Table II for the values of fitting parameters. The horizontal magenta line shows K E = −1.396 for 3-dimensional Z 2 universality class. In this region of the chemical potential, the value of K E is constant, namely the universality class does not change.
We superimpose the obtained critical end points (β E (aµ), κ E (aµ)) for 0 ≤ aµ ≤ 0.19 in the phase diagram of Figure 4 . The critical end point moves toward the upper-left corner by increasing aµ.
In order to confirm the universality class and the location of the critical end point, we check another exponent γ/ν which is obtained from the volume scaling of the susceptibility peak height of quark condensate In the region 0 ≤ aµ ≤ 0.19, the exponent ν and the value of kurtosis at the critical end point K E are constant within errors and the universality class is consistent with 3-dimensional Z 2 , while other universality classes, 3-dimensional O(2) and 3-dimensional O(4) are rejected.
with fit parameters b and C. The exponent b depends on the nature of transition, i.e., b = d the spatial dimensionality at a first order phase transition, and b = 0 for a crossover. At the critical point as the boundary of the first order phase transition line, the exponent is expected to be b = γ/ν with critical exponents γ and ν. Figure 6 shows the exponent b along the transition line as a function of β. We observe that the exponent b at the critical end point estimated by the kurtosis intersection is consistent with the value for the 3-dimensional Z 2 , γ/ν = 1.964. Thus we observe a consistency between the kurtosis intersection analysis and the volume scaling of susceptibility. We note that it is difficult to differentiate universality classes depending solely on the volume scaling of the susceptibility peak since the values of γ/ν are very close to each other as listed in Table II .
D. Critical line
The analysis of the critical line below requires a careful manipulation with scale setting. Thus we distinguish quantities in lattice units from those in physical units by placing tilde on the former, e.g., chemical potential in physical units is denoted as µ and that in lattice units byμ = aµ.
In the previous subsection, we have determined the critical end points in the bare parameter space. The last step is to translate the critical end point on the (β, κ) plane to the physical space, to obtain the critical line as one varies µ, and finally to extract its curvature. For that purpose, as explained in Sect. II, we need to compute the pair of ratios in eq.(2) as follows,
wherem PS,E (μ) is the pseudo-scalar meson mass in lattice units evaluated at (β, κ) = (β E (μ), κ E (μ)), and the lattice spacing requires some careful thought as follows. We usually determine the lattice spacing by choosing a line of constant physics (LCP) and specifying the value of a dimensionful physical quantity on that line. For example, one may choose the dimensionless combination m PS √ t 0 for specifying the LCP, and the value of m PS in physical units to determine the lattice spacing along the chosen LCP,
where y is the value of the constant physics y = m PS √ t 0 and κ y (β) is defined such that the following equation holds for each β,
The notation of the lattice spacing in eq. (11, 12) means that
One can employ a different LCP by specifying a different value of y ′ ( = y). The resulting lattice spacing coincides with that from the original (y) definition if, in specifying the value of the dimensionful quantity, one takes into account the variation of that quantity in moving from the original LCP to a new LCP. In general the agreement will not be exact due to scaling violations. a(β, y ′ ) = a(β, y) + (lattice artifacts).
Thus differences one may observe in physical results due to the choice of LCP is a scaling violation effect. We choose two values for the line of constant physics, The ratio of lattice spacings a(0)/a(μ) may be computed by using the Wilson flow scale as a scale input
Using the Wilson flow scale and the hadron mass computed in Ref. [7] , and the information of critical end point at finite chemical potential determined in the previous subsection, we calculate the two ratios in eq. (11) and (12) . The results are plotted in Figure 7 .
We extract the curvature by using the fitting form in eq.(3). The results are tabulated in Table  III . The errors of fitted parameters are estimated by jackknife method using the uncorrelated chi squared function in each fit. We also try to perform a fit including correlations by using the covariance matrix estimated by jackknife method; the results are consistent with the above analysis although the covariance matrix is poorly estimated. We observe that the critical line has a sensitivity on the value of constant physics. This difference is considered as a systematic uncertainty caused by the choice of the scale setting as discussed above. All in all, we find the curvature of the critical line to be positive with a statistical error of about 3% and a systematic error of about 10%.
V. CONCLUDING REMARKS
We have investigated the critical line on the µ-m π plane, especially its curvature, in N f = 3 QCD by using non-perturvatively O(a) improved Wilson fermions action. We have determined the critical end point by making use of the kurtosis intersection method. The critical line is drawn by repeating the calculation in the range of chemical potential with applications of various reweighting techniques, that is, the multi-parameter/phase/multi-ensemble reweighting.
The value of kurtosis at the critical end point and the exponent ν obtained from the kurtosis intersection analysis in the range of chemical potential we investigated are consistent with those of the 3-dimensional Z 2 universality class. Furthermore, if the above universality class is used as an input in the analysis of exponent extracted from susceptibility peak, the expected location of critical point is consistent with that obtained from kurtosis intersection method.
Our analysis shows that the curvature of the critical line is positive. This disagrees with a previous study with the naive staggered fermion action [6, 8] where the critical line is expressed in terms of quark mass. We note that neither the previous study nor ours have taken the continuum limit. Thus further work with larger N t is desired.
where W 1,2,3,4 are given in [18] .
For the same reason as the ratio of determinant, we use an expansion form of the observable in eq. 
For the trace of higher powers of quark propagator which is included in the higher moments of quark condensate 2 , we apply the following approximation (µ-derivative terms are totally neglected) 
At first glance, you may doubt the approximation for the ratio of determinant in eq.(A7) and observables in eq.(A9-A12) especially the higher powers of the inverse. We however have some evidences that this approximation is good within our parameter range and statistical error. First, the approximation for the observables in eq.(A9-A12) is compared with the partial quenching results where there is no truncation error in the observable. Even for the kurtosis including eq.(A12), we do not see any significant difference between them within errors. Another evidence of the validity of approximation is that as mentioned in the caption of Figure 3 , the reweighting results using the above approximations for the ratio of determinant and the observables are consistent with the directly simulated data at µ = 0. Therefore the reweighting works in the range 3 of the chemical potential |∆µ| ≤ 0.1. From this applicable range, we believe that the reweighting works also at µ = 0.2 that is the largest end we explored.
